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Probabilistic Vibration Analysis of Nearly Periodic Structures

Karen S. Hamade* and Efstratios Nikolaidist
Virginia Polytechnic Institute and State University', Blacksburg, Virginia

A disordered structure with weakly coupled subsystems has localized modes with the vibratory energy
concentrated in one part of the mode shape. The localization of modes may significantly affect the forced vibration
response, increasing the maximum vibration amplitude dramatically in some cases. It is the scope of this paper to
study the forced vibration of nearly periodic systems consisting of almost identical substructures and to analyze
their free and forced dynamic responses probabilistically. It is shown that the sensitivity of the forced response to
the degree of localization depends on a combination of the symmetry of the mode, which is excited, and the phase
difference between the forces acting on each substructure. These results might explain the range of contrasting
conclusions of earlier publications on the effects of forced response on mistuned structures. A probabilistic analysis
of the free and forced responses of a nearly periodic structure is shown to be useful in the design of structures that
are sensitive to the degree of localization. The results of the probabilistic analysis are verified using Monte Carlo
simulation.
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Nomenclature
= localization factor
= generalized coordinate
= /th modal amplitude
= larger localized modal amplitude
= smaller localized modal amplitude
= stiffness of beam's torsional spring
— nondimensionalized spring stiffness
= nondimensionalized stiffness in reduced

space
= beam flexural rigidity
= applied harmonic forces
= performance function
= stiffness of linear spring coupling pendula
= beam length
= pendula support lengths
= mass of single-span beam
= number of tuned modes in Rayleigh-Ritz

method
= probability of failure
= probability of localization
= probability of survival
= nonconservative work of the applied forces
= beam vertical displacement
= nondimensional beam displacement
= array of design variables
= nondimensional position along beam length
= pendula displacements
= position of beam's center support
= transfer admittance
= phase difference between applied forces
= Lagrange multipliers
= harmonic amplitude of Lagrange

multipliers
= damping factor between substructures
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AL = length difference between beam spans, or
mistuning

5Z = nondimensional mistuning
AZ/ = nondimensional mistuning in reduced space
fa = mean of nondimensional spring stiffness of

beam
H-£L = mean of nondimensional mistuning
</>, (x) = modes of the single-span beam
*¥f(x) = modes of the mistuned beam
ffd = mean of nondimensional spring stiffness of

beam
ff&Z = niean of nondimensional mistuning
(Oi = frequencies of the single-span beam
c01>2 = tuned frequencies of coupled pendula
Q = frequency of forced excitation of beam and

pendula
Q = nondimensional forcing frequency

= modal frequencies of disordered beam and
pendula systems

= nondimensional modal frequencies

! 2

! 2

I. Introduction

APERIODIC structure consists of a number of identical
substructures and exhibits cyclic symmetry or some other

form of periodicity. A nearly periodic structure is one that has
a slightly altered property between its substructures. An ex-
ample is a two-span beam with the two span lengths differing
by a small fraction of the beam length (Fig. 1). Another
example is a system of coupled pendula with slightly varied
supporting lengths (Fig. 2). The disorder in these systems is
called structural mistuning. In general, mistuning is the small
variation in the dynamic properties of a system. It is usually
caused by manufacturing imperfections or general degrada-
tion due to aging. When disorder is introduced into a struc-
ture, the result is a concentration of vibrational energy in one
part of the mode shapes. This phenomenon, called localiza-
tion of modes, may occur in any mode shape.

Localization of modes is important because the dynamic
response of a mistuned system may be considerably higher
than that of a tuned system, leading to higher vibration levels
and larger stresses. It has been found that the small differences
in the structural or inertial properties of the structure can
affect the amplitudes of individual substructures by several
hundred percent, which can result in structural failure1-2 Since
localization occurs for even small deviations of periodicity in
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Fig. 1 Forced excitation of the disordered two-span beam.

the structure, prediction of the response of a mistuned struc-
ture is particularly important. In fact, mistuning played an
important role in several costly failures in the development
and production of modern aircraft turbofan engines.3

The coupling between the substructures of a nearly periodic
structure is an important parameter. When the substructures
are weakly coupled, localization is more likely to occur.4"6 On
the other hand, if the coupling between subsystems is too
strong, the mode shapes will not be localized, even for high
degrees of mistuning. In the case of the two-span beam (Fig.
1), the two segments of the beam are coupled since the beam
is continuous across its length. A torsional spring at the
position of the middle support is adjusted to change to the
amount of coupling in the system. Similarly, coupling in the
case of the two pendula in Fig. 2 is due to the linear spring
that connects them.

One of the earliest studies of the localization of mistuned
bladed disk assemblies was done in 1966 by Whitehead.1 Since
then, the free vibration of nearly periodic structures has been
studied extensively.4-7'8 For example, Pierre4 investigated the
free vibration in a two-span beam and experimentally verified
the existence of localized modes. Less work has been done in
the area of the forced response of mistuned systems. Sinha9

and Huang10 estimated the statistics of the forced response of
mistuned bladed disk assemblies. However, the accuracy and
applicability of Sinha's method is limited by the assumption
that the amount of damping and mistuning in the system is
small. Furthermore, Huang focused on the first two moments
of the forced response without considering other important
statistical quantities, such as the probability that the maxi-
mum vibratory amplitude of a disk assembly exceeds some
critical value. Monte Carlo simulation has also been used to
estimate the forced response statistics of mistuned bladed disk
assemblies. Yet it has not been possible to obtain large
samples necessary for reliable estimates of the response statis-
tics due to the excessive computational effort required in such
simulation studies.2

Bendiksen6'11 studied the localization phenomenon in large
space structures such as astronomical telescope reflectors and
communication antennas. However, his work concentrated on
free vibration.

A limited amount of work toward the understanding of the
localization phenomenon has been done using simpler nearly
periodic structures. Hodges5 illustrated the phenomenon of
localization in nearly periodic structures using a vibrating
string with irregularly spaced masses. A study of the propaga-
tion of vibration through the structure showed that there is a
confinement of energy close to the source of excitation with
an exponential decay away from the driving point. These
results were verified by Pierre using a system of coupled
pendula.12 ;

Conflicting results have J>een found in the area of the forced
response of nearly periodic structures. Most research has
shown that an increase in the degree of mistuning in a bladed
disk assembly causes an increase in the response ampli-
tude1'2'13'14; however, there have also been conclusions drawn

F,=Fcos(m + a)

Fig. 2 Forced excitation of disordered coupled pendula.

to the contrary.15'16 For example, Sogliero and Srinivasan17

found that an increase in mistuning caused a decrease in the
forced response, hence an increase in the fatigue life of the
blades.

There is currently a lack of understanding of the localiza-
tion phenomenon in mechanical systems. Furthermore, it is
widely accepted that a complete approach to the problem of
mistuning should be probabilistic.2 The scope of such an
approach would be to derive the statistics of the vibratory
stress and displacements from the tolerances in the dynamic
parameters of the individual subsystems. The purpose of this
work is to develop an approach for estimating the statistics of
the free and forced vibration responses as well as the proba-
bility of failure due to excess vibration levels of some simple
disordered structural systems. Furthermore, attention is given
to a loading case that has been ignored by previous studies:
that of a harmonic load acting simultaneously in phase or out
of phase on each substructure. This is an important loading
case for two reasons. First, it simulates the loading applied to
some real-life engineering structures such as bladed disk as-
semblies. Second, the effects of mistuning on the forced
response level are different from those in the loading cases
considered by previous studies. Consideration of the men-
tioned loading cases may provide an explanation of the
conflicting conclusions found in these studies concerning the
effect of mistuning on the dynamic response.

The objectives of this paper are as follows:
1) To study the statistical characteristics of the localized

modes of a nearly periodic structure (the two-span beam in
Fig. 1) for random configurations of mistuning and coupling
in the system.

2) To obtain the dynamic response in the case of two in-
and out-of-phase loads acting simultaneously at different
parts of the structure.

3) To calculate the probability of failure for a range of
failure limits given that the system is randomly configured in
its degree of mistuning and coupling of the substructures.

4) To study the sensitivity of the probability of failure due
to excessive vibratory levels to the statistics of the tolerances
in some of the system parameters.

First, the forced vibration response is studied. Both in-
phase and 180-deg out-of-phase forces that excite the first or
second mistuned mode shape are considered. It is shown that
the forced response of a localized structure may be sensitive or
relatively insensitive to the degree of localization, depending
on the mode being excited and the phase difference between
the applied forces. This last observation might explain the
conflicting conclusions of previous studies concerning the
effect of mistuning on the dynamic response of bladed disk
assemblies. Next, a probabilistic analysis of the free and
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forced vibration is performed using the second-moment
method18 and assuming random amounts of coupling and
mistuning in the system. The probability of high localization
of the modes of the two-span beam is evaluated. The results
are verified using Monte Carlo simulation. In the forced
vibration analysis, the probability of failure is calculated due
to excess vibration levels.

II. Forced Response of Nearly Periodic Structures
The understanding of the forced response of nearly periodic

structures is far from being complete. Nevertheless, the forced
response prediction is crucial in evaluating the reliability and
expected life of such structures. In the present study, the
excitation loads are assumed to be deterministic. Randomness
is introduced into the problem only through the random
deviations of coupling and mistuning in the two-span beam
and the pair of coupled pendula. Two applied forces having
equal amplitudes and a phase difference a are applied at two
points. These are given by the equations

F1 = F cos(Qr - a) and F2 = F cos(QO (1)

where the phase difference a is either 0 or 180 deg.
Figure 1 shows the two-span beam system composed of a

simply supported beam of length L with Young's modulus E,
mass per unit length m, and moment of inertia 7. The tor-
sional spring is located at xc, the position of the central
support. This support can be moved to the left or right of
center of the beam to introduce a disorder AL, which has a
nondimensional value SL = AL/L. This disorder has a range
of values of 0-7% of the beam length. In addition, a nondi-
mensional spring stiffness c is defined such that c = 2cL/EI,
which varies from 200 to 1000. The first and second modes
can be calculated as in Ref. 4 by a Rayleigh-Ritz technique. In
this study the deflection of the two-span beam was expressed
as a weighted sum of the known modes NM of a single-span
beam of length L as follows:

(2)

where the terms at(t) are the generalized coordinates of the
free vibration problem. The modes of the single-span beam
are

mx
(3)

with corresponding natural frequencies cot = (in)2^/EI/mL4,
This analysis is extended here to the forced response where

the forces are located at one- and three-quarters of the beam
length (Fig. 1). The frequency of the applied forces, Q, is set
close to the frequency of the mode to be excited, Q, such that

= 0; -0.0001, = l, 2 (4)

where Q = Qx/J£'//mL4. The forced response of the two-span
beam is calculated by the Rayleigh-Ritz method as described
in the Appendix. The results are also verified using the mode
superposition method. This method finds the beam displace-
ment

(5)

where the *Ff are the mistimed modes of the beam, the qt are
generalized coordinates, and TV is the number of localized
modes used in the summation. Since the frequency of the
applied force is approximately equal to the frequency of one
mode, only the contribution to the response from that mode
is considered in Eq. (5). An analysis is done to study the
changes in the response of the disordered two-span beam
when the degree of mistuning and coupling is changed in the
system. A large spring stiffness corresponds to low coupling
between the two spans. Furthermore, the degree of mistuning
increases with AL. A combination of low coupling and a high
degree of mistuning increases the possiblity of having strongly
localized modes.

First an analysis is made of the response of the disordered
two-span beam due to in- and out-of-phase forces exciting the

0.08

0.07

0.08-
<
!?0.05
"3
3
tfl

§ a04

13
•i 0 )̂3

0.02

0.01

0.00

199.50 204.79 206.73 207.56 208.32
O\ O O O O

193.30 199.34 201.43 202.49 204.66
O O x. O O O

186.72 193.63 196.20 197.51 198.31"
\O O O O O

177.54X210.05 190.23 191.90 192.90
O \O O O O

,165.74 178.50 183.05 185.36 186.75„ o o o ""---—£ o
W*I85

146.40 \166.10 173.19 176.78 178.93
O \O O O O

105.22 137.90 153.85^. 161.65 166.04
O O / O ^"^O^ O

^••'^' ^"=160

12000 200 400 600 800 1000

Nondimensional Stiffness, c

Fig. 3 In-phase forced response of the beam exciting the first mode.
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Fig. 5 In-phase forced response of the beam exciting the second mode.

first mode. Figure 3 shows the results for in-phase forces.
Here, the values of the maximum amplitude of the nondimen-
sional response, w, is plotted for varying amounts of coupling
and mistuning in the structure. The curves are the loci of
points with constant maximum response as calculated in the
Appendix. The important conclusion drawn from this figure is
that the maximum response increases monotonically with
spring stiffness c and degree of disorder AL. Therefore, the
in-phase forced excitation of the first mode results in a
response that increases with the degree of localization in that
mode. Next, the case of 180-deg out-of-phase forces exciting
the first mode is considered (Fig. 4). In this system, an
increase in the localization of the first mode of the beam
results in a slight decrease in the maximum response and is
relatively insensitive to the degree of localization. This is
opposite to the previous case of in-phase forces already
discussed.

A similar comparison is made of responses due to in- and
out-of-phase forces exciting the second mode of the two-span
beam. For in-phase forces, the maximum response decreases
and is relatively insensitive as the mistuning and coupling
between substructures increases (Fig. 5). On the other hand,
the maximum response due to two 180-deg out-of-phase
forces exciting the second mode increases with localization
and is sensitive to these changes (Fig. 6). These conclusions
are opposite to those reached in the case where the first mode
is excited.

Similar conclusions are drawn by considering a pair of
coupled pendula such as that in Fig. 2. This system consists of
two nearly identical substructures coupled by a linear spring.
As in the two-span beam case, the response of the system is
either sensitive or relatively insensitive to the degree of local-
ization of the excited mode, depending on the symmetry of the
mode and the phase difference of trie applied forces. The beam
and pendula systems are compared in terms of mode symme-
try because in the first mode, which is symmetric, the pendula
move in tandem, a case comparable to that of the symmetric
second mode of the two-span beam. Similarly, both the
second mode of the pendula and the first mode of the two-
span beam are antisymmetric. Considering the in-phase exci-

Fig. 6 Out-of-phase forced response of the beam exciting the second
mode.

tation of the first mode, it can be shown that an increase in
the localization of the first mode causes the forced response
due to in-phase forces to increase; however, these changes are
relatively insensitive to the degree of localization in that
mode. On the other hand, 180-deg out-of-phase forces cause
the pendula displacements to increase drastically with an
increase in the degree of localization. Thus, the effect of the
degree of localization on the response is opposite to that in
the preceding case.

It is hypothesized that previous studies that showed a large
forced response for highly localized systems used a model with
a combination of forcing phases and excited modes that
results in this sensitivity. In contrast, studies showing a re-
sponse that is relatively insensitive to localization may have
been based on a case such as that of the in-phase excitation of
an antisymmetric mode.

A. Comparison of Forced Response Analyses
In brief, the analysis indicates that if the modes are strongly

localized, the in-phase excitation of an antisymmetric mode
and the out-of-phase excitation of a symmetric mode will
result in a large forced response. However, the in-phase
excitation of a symmetric mode and the out-of-phase excita-
tion of an antisymmetric mode result in small changes in the
forced response.

The transfer admittance of a disordered structure is useful
in the analysis of the forced response because it indicates the
amount of vibratory energy that passes between two nearly
periodic substructures. It is used here to explain the results of
the forced response analysis of the coupled pendula. In gen-
eral, the transfer admittance Y(xl9x2',co) is defined as the
complex vibratory amplitude at xl due to a unit amplitude
harmonic force of frequency co applied to x2. It indicates the
lack of resistance with which energy passes within a structure.
For the case of two coupled pendula, the transfer admittance

(6)
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where xl and x2 are the displacements of the first and second
masses, respectively, and j is the square root of —1. The rth
mode is *¥r(x) with an associated natural frequency Qr. The
term co is the frequency of excitation, Ar is the damping
factor, and NM is the number of modes used in the summa-
tion. For two in-phase forces Fl and F2, the displacements of
the first and second masses can be expressed as

x^ _ Y2lFl-\- Y22F2 (8)

where Yij9 i,j = 1, 2 is the transfer admittance between xf and
Xj. For a strongly localized system, the modal amplitude of
one pendulum is small so that the product of mode ampli-
tudes in Eq. (6) is almost zero. As a result, the terms Ylt2 and
Y2l become small and have less contribution to the transfer of
energy between m^ and m2. However, the transfer admittance
terms 7U and Y2>2 do not show this large decrease.

For the case where the forces are applied to the pendula in
phase with a frequency equal to the first natural frequency,
Q1} the term in the sum of Eq. (6) corresponding to the first
mode dominates. Since the masses in the first mode move in
tandem, ^1(^1) and *¥i(x2) have the same sign, and the forces
F1 and F2 are acting in phase with equal amplitudes. Then the
terms Ylt2F2 and Y2tlFl

 m Eqs. (7) and (8) contribute to
increasing displacement, and the responses of the pendula are
relatively insensitive to the degree of localization. This ex-
plains the results obtained from the forced vibration solution
of the beam shown in Fig. 5. For the case of 180-deg
out-of-phase forces exciting the first mode, the two terms in
Eqs. (7) and (8) have opposite signs. Therefore, the contribu-
tion of one force to the displacements opposes the other. If
the systems were ordered, the out-of-phase forces would
cancel the energy of an asymmetric mode. However, the
introduction of disorder limits the cancellation because the
transfer admittance is low. Therefore, localization eliminates
some of the cancellation of energy in a way such that the
response is significantly higher than that of a tuned system.
This trend of forced response is in agreement with that ob-
served in Fig. 3 for the two-span beam.

III. Probabilistic Analysis of Nearly Periodic
Structures

It is important to calculate the statistics of the dynamic
response of a system because in practice the structural
parameters of nearly periodic systems vary in a random
fashion. With each possible configuration of the system, there
is a different degree of localization and maximum response
amplitude. Also, the vibration of nearly periodic structures
can be very sensitive to the amount of mistuning; therefore,
small deviations in the system parameters from their nominal
values could drastically affect the dynamics of the system. In
this analysis we assume that the variables expressing the
degree of disorder and coupling are statistically independent
Gaussian random variables with known first and second
moments. A second-moment method is used in this analysis.
Although a fully probabilistic method could have been used,
we deemed that a second-moment method should be em-
ployed since it has the ability to reduce the computational
effort dramatically. Therefore, this latter approach is more
appropriate than fully probabilistic methods for real-life
structures consisting of a large number of substructures.

A. Second-Moment Method
The method of measuring reliability as a function of the

first and second moments is the second-moment method,18

which was formulated by Cornell19 in 1969 and later in 1974
by Ang and Cornell20 and Hasofer and Lind.21 In this method
the performance function g(X) = g(xl7 x2,.. ., xn) defines the
regions of failure and survival where X is the vector of n

design variables, X = jc1? x2,. . . , xn. In this generalized form,
g(X) > 0 defines a safe system, g(X) < 0 defines an unsafe
system, and g(X) = 0 is the limit-state equation. In the exam-
ple of the two-span beam, the vector of design variables X is
composed of the spring stiffness c and mistuning AZ. These
are assumed to be normally distributed random variables.

The performance function can be expressed here in terms of
the reduced design variables c' and AZ', which are standard
Gaussian random variables. In terms of these variables, the
limit-state equation is

g(c, AL) = g(a-cc' + ne, o- = 0 (9)

Equation (9) defines the minimum conditions for a localized
mode in the space of the reduced design variables.
Shinozuka22 was the first to show that the most probable
point of failure, (c"'*, AZ'*), lies on the failure surface and
that this point has a minimum distance from the origin (Fig.
7.) This minimum distance is called the safety index, 0. The
safety index is given by Ref. 18:

dg
\d~SL'

(10)

where

and the derivatives are calculated at the most probable failure
point, (c'*, AZ/*). The point (c'*, AL7*) can _be^ expressed in
terms of the safety index as c'* = -a*/? and AL'* = -o^j-0.
The terms a* and a-*̂  denote the direction cosines along the
c' and AL' axes ana are given by

These coefficients, also called sensitivity coefficients, indicate
the importance of the associated random variable in evaluat-
ing the failure probability. For example, a value of the
coefficient corresponding to a length variation close to 1
indicates that the failure probability increases rapidly with
tolerance in length.

In this study the iterative procedure proposed by Rack-
witz23 is employed. The probability of localization PL or
failure PF is given by the following expressions:

= 1-0(0) and PF= 1-0(0) (12)

-Tangent Plane

Failure Region

Safe Region
Concave

g(c, AL) = 0

Convex
g(c, AL) = 0

Fig. 7 Linear approximation of failure surface in reduced space.
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where O is the probability distribution function of a standard
normal random variable.18

B. Monte Carlo Simulation
The results of the probability of localization of the disor-

dered two-span beam calculated by the second-moment
method are checked using Monte Carlo simulation.18 This
method generates a set of random values of mistuning AL and
torsional stiffness c with the same mean and standard devia-
tions used in the second-moment method. Each pair of ran-
domly generated parameters is then used to calculate the
localized mode shape A. Then, the number of localized states
in the population divided by the total number of randomly
generated points is equal to the fraction of localized states or
the probability of localization PL. In all cases very good
agreement is found between the Monte Carlo simulation
results and those obtained using the second moment method.

C. Probability of Localization
The second-moment method is used to calculate the proba-

bility of localization of the first mode of the two-span beam.
The beam is assumed to have random amounts of coupling
and mistuning. The mean value of stiffness is taken as
He = 400 with a standard deviation of ad = 40. For the mis-
tuning parameter, the mean value was taken as /i— = 0 with
a_standard deviation of (T—= 0.015. The first tuned mode
(AL = 0) and the first localized mode with c = 400 and
AL = 0.04 are depicted in Fig. 8. Localization is arbitrarily
defined as the event where the smaller amplitude a* is below
a given percentage of the larger amplitude a. This definition
also defines the limit-state function. For example, if localiza-
tion is defined to occur when the ratio of the lower to the
higher amplitude of the mode shape is less than 0.1, meaning
a localization factor A = a*/a < 0.1, then the limit-state equa-
tion is g(c, SI) = A — 0.1 = 0. The system is localized if g < 0.
The middle support of the two-span beam can be moved to

I.Or

0.5

0.0
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-1.0

1.0

0.5

0.0

-0.5

-1.0

0.0

Mode

0.46

0.0

Mode I

the left or right of center, and the localization factors are the
same for positive or negative SL. As a result, there were two
surfaces that defined localization. Therefore, the probability
of the localization of Eq. (12) should be doubled in order to
take into account two regions of localization to give

(13)

Using the second-moment method, the distance from the
origin to the surface defining localization, .4=0.1, is the
safety index, /? = 1.502. The corresponding probability of
localization is 0.1336. The results for a range of localization
factors of A = 0.0-0.3 are given in Fig. 9. This figure shows
that the probability of localization increases for a less strict
criterion of localization. For example, in the case of localiza-
tion defined by a value of A < 0.2, the probability of localiza-
tion of the first mode of the disordered two-span beam is
0.4658. However, when localization is set for A < 0.1, the
probability of localization is 0.1336. The probability of local-
ization tends to zero in the limiting case of complete concen-
tration of energy in one-half of the mode shape (A =0.0). The
usefulness of this diagram is the ability to predict the proba-
bility that the modes of a system will be localized to a critical
degree. It was observed that the results of the Monte Carlo
simulation compare well with those of the second-moment
method. For example, when localization was defined as
A < 0.1, the Monte Carlo simulation using 700 simulations
yielded a probability of localization of the first mode of the
two-span beam equal to 0.1300.

D. Probabilistic Forced Vibration Analysis
In the previous section, the free vibration response of the

two-span beam was studied and the probability of localization
of the first mode was calculated. Now the forced excitation of
the beam's first mode with two simultaneously applied in-
phase forces is studied in terms of the probability of failure.
This is a case where the response levels showed a drastic
increase with an increase in localization (Fig. 3). An analysis
of the probability of failure is important because a consider-

0.0
0.00 0.05 0.10 0.15 0.20

Localization Factor, A
0.25 0.30

Fig. 8 First tuned and mistimed beam of the two-span beam; c — 400,
\L = 0.04 of the localized system.

Fig. 9 Cumulative probability distribution function of the localization
factor of the first mode of the two-span beam.
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ation of possible structural failure places limits on the design
variables. As before, there are two failure surfaces: one for
positive AL and another for negative SZ, and the probability
of failure of Eq. (12) is doubled such that

(14)

The corresponding probability of survival is

0.0 100
Failure Limit, w

Fig. 10 Cumulative probability distribution function of the maximum
forced vibration amplitude of the two-span beam.

0.04-1

0.0 100 J/200 300 400 500 600
Mean Nondimensioaal Stiffness, /i5

700

(15)

For example, if failure is defined to occur when the maximum
nondimensional displacement exceeds vP = 170, then the per-
formance function is g = 170 — w. The second-moment
method calculated a safety index /? of 1.5017, which corre-
sponds to a probability of failure of 0.1332. Therefore, there
is an 87% chance that the in-phase forced response has a
maximum response amplitude less than vP = 170.

In real life, high probabilities of survival (i.e., greater than
99%) are required for the design of a reliable structure. Figure
10 shows the probability of survival for varying failure limits,
where the maximum allowable nondimensional amplitudes are
set from 0 to 200. A study of the limiting cases showed that
the probability of survival is equal to 1 (100%) when large
response amplitudes are considered safe. However, the out-of-
phase excitation of this mode resulted in an insensitivity to the
degree of localization and a slight decrease in the response.
Therefore, it is not necessary to evaluate the probability of
failure since localization results in a lower chance of failure.

A further study is done to analyze the sensitivity of the
probability of failure to changes in the mean values of the
system parameters. The failure criterion is kept constant at
w = 185 in order to compare the probabilities of survival. In
addition, the standard deviation of c_remains 40.0, and the
mean and standard deviations of AL are 0.0 and 0.015,
respectively. The results, which are plotted in Fig. 11 show
that the probability of failure increases for increasing mean
value of spring stiffness. For example, an increase of the mean
stiffness from 400.0 to 500.0 results in an increase in the
probability of failure from 0.0128 to 0.0214. The conclusion is
that a system that is more weakly coupled in the mean is more
likely to fail. This is true because the in-phase excitation of the
localized first mode increases with stiffness and degree of
mistuning. Similarly, changes in the standard deviation of the
mistuning, a^i, result in changes in the probability of failure
of the two-span beam (Fig. 12). When the standard deviation
is increased from 0.010 to 0.015, the probability of failure
increases from 0.0002 to 0.0128. As o^ approaches zero, PF
likewise goes to zero. Such a diagram is useful in the design of
a structure where the failure limit is known and tolerances

0.07-

0.00

0.000 0.005 0.010 0.015 0.020

Standard Deviation of Mistuning, G-
0.025

Fig. 11 Probability of failure of the two-span beam for varying mean
nondimensional stiffness.

Fig. 12 Probability of failure of the two-span beam for varying
standard deviation of nondimensional mistuning.
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expressed in terms of the standard deviations of the system
parameters must be considered.

IV. Discussion of Results
From the study of the two-span beam, the results show that

the sensitivity of the forced response to the degree of localiza-
tion depends on the particular combination of mode symme-
try and forcing phases in the problem. The first mode of the
two-span beam is antisymmetric with respect to the beam
center support, while the second mode is symmetric. Further-
more, the in-phase excitation of an antisymmetric (first) mode
causes the maximum response amplitude of the beam to
increase dramatically when localization increases (Fig. 3). The
out-of-phase excitation of a symmetric (second) mode of the
beam also increases with localization (Fig. 6). The opposite
conclusion is made for the out-of-phase excitation of an
antisymmetric (first) mode and the in-phase excitation of a
symmetric (second) mode of the beam (Figs. 4 and 5), in
which case the maximum amplitude of the forced response is
insensitive to the degree of localization in the modes. In fact,
the response decreases slightly as the localization increases.

These results are parallel to the results of the forced re-
sponse of the pair of nearly periodic coupled pendula where
the first mode is symmetric and the second antisymmetric. For
the coupled pendula the in-phase excitation of an antisymmet-
ric (second) mode causes the maximum response of the
masses to increase drastically with the degree of localization
of that mode. Also, the out-of-phase excitation of a symmetric
mode increases and is sensitive to the disorder in the system.
However, other combinations of loading and mode symmetry
result in the relative insensitivity of the forced response to
localization: the in-phase excitation of a symmetric (first)
mode and the out-of-phase excitation of an antisymmetric
(second) mode are both relatively insensitive to the degree of
localization. In the last two cases of insensitivity, the dynamic
response can be evaluated by assuming a perfectly periodic
structure since the analysis does not substantially change with
the degree of localization. From the given observations it is
concluded that the forced response of nearly periodic struc-
tures does not necessarily increase with the degree of localiza-
tion. In some cases the magnitude of the maximum forced
response amplitude may even decrease when the modes be-
come localized.

A probabilistic analysis of the localization of modes of
nearly periodic structures gives a quantitative measure of the
chance of failure of mistuned structures due to excessive
vibratory levels. This allows the designer who knows the
approximate amount of disorder in a structure to predict the
probability that the modes will be highly localized. When the
system is likely to be localized, the probability of failure due
to excessive vibration may be considerably higher than that in
the case of a tuned system. Also, a study of the probability of
failure for varying failure criteria indicates that survival is
more likely when the failure limit is set at higher allowable
maximum amplitudes. This general result is apparent; how-
ever, a graph showing the exact correlation between failure
limits and survival probabilities is an important aid to the
designer of nearly periodic structures.

3) For the case given in the preceding conclusion, the
dynamic response can be evaluated assuming a perfectly
ordered structure.

4) The first two observations lead to the conclusion that an
increase in the localization of a mode does not necessarily
mean that the forced response due to the excitation of that
mode will also increase.

5) The second-moment method is appropriate for proba-
bilistic analysis of free and forced vibration of nearly periodic
structures. The advantage of the method is that it can be
applied to study the vibration of real-life dynamic systems
without requiring excessive computational effort, as do fully
probabilistic methods. On the other hand, since the second-
moment methods are far more accurate than first-order sec-
ond-moment methods, they are considered by the authors to
be the best compromise in terms of accuracy and computa-
tional efficiency. The second-moment method results for the
structural systems in this paper were found to be in good
agreement with the results of Monte Carlo simulation. It is
hypothesized that the given conclusions can be generalized for
the forced response of other more complex nearly periodic
structures such as bladed disk assemblies.

In the present research, only the first two modes of the
two-span beam are analyzed. From a study of these two
modes, hypotheses are made concerning the dependence of the
forced response on the symmetry of the mode excited in
conjunction with the phases of the applied forces. Therefore,
an area of additional work could be the study of the excita-
tion of higher symmetric and antisymmetric modes. In addi-
tion, the probabilistic method could be applied to the analysis
of more realistic nearly periodic structures such as bladed disk
assemblies and large space structures. In the case of large
space structures, the effect of localization in the forced vibra-
tion response should be an important consideration in active
vibration control.

Appendix: Rayleigh-Ritz Method in Forced Response
Given the displacement of the beam in Eq. (2) and the

tuned modes in Eq. (3), the Lagrangian of the two-span beam
system can be written as

(Al)

where ^ and /?2 are the Lagrange multipliers. The virtual
work of the nonconservative forces dWnc is given by

dWnc = F , t) + F2 dw(3L/4, f) (A2)

and w(L/4, t) and w(3L/4, t) are the displacements of the
beam at the position of the applied forces. The terms U and
T are the strain energy and kinetic energy, respectively, and
they can be given by the following two expressions:

J NM j

(A4)

V. Concluding Remarks
We summarize the major conclusions from this study as

follows: /
1) The response due to the in-phase excitation of an anti-

symmetric mode and the out-of-pfiase excitation of a symmet-
ric mode increases drastically with an increase in localization
of the mode. ':,i'

2) The in-phase excitation of a symmetric mode and the
out-of-phase excitation of an antisymmetric mode result in a
forced response that is relatively insensitive to the localization
of the mode and may even decrease.

The constraints/ and/2 are
NM

-- 1

and

(A5)

(A6)

These constraints specify that the displacement of the beam at
the position of the central support, ;cc, is zero, and the slope
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of the beam is continuous at the central support. Then
Hamilton's principle applied to Eq. (Al) gives the following
equations of motion:

dfdT\ dT dU df, df2~ + ~ ~ =

(A7)

where Qi and Q2 are the generalized forces due to the applied
loads. Equation (A7) can be evaluated in terms of the un-
knowns at, Pi, /?2, and w'(xc), which are, respectively, the
generalized coordinates, Lagrange multipliers, and slope of
the beam at the central support. These are Eqs. (A5), (A6)
and

a,

= 0 (A8)

(A9)

Simple harmonic motion is assumed with frequency Q such
that at = atejat, / = !,..., NM, pk = 0keJQt

9 and k = 1, 2
where y = v/— 1. The solution of the equations of motion
gives the following expression for the amplitude of the gener-
alized coordinate at ,,:

1

+ Fe-«<t>i(L/4)+F(l>i(3LI4)] (A10)

Substituting Eq. (A10) into the constants/! and/2 gives a
system of two linear equations with unknown^ of Lagrange
multipliers ^ and j52. The value of ̂  and j52

 are used t°
evaluate the at and beam displacement. This displacement is
nondimensionalized and evaluated along the dimensionless
length of the beam x = x/L at time t = 0 such that

— (J}2in/FL) cos(inxc) -f e a sin(nr/4)

H- sin( 3 in /4)] sin(nrx) (All)

where the frequencies are nondimensionalized as given in Sec.
II and

w(x, 0) =
, 0)

2L2F/EI (A12)
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